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Symbolic Regression based Solution for the
Optimal Control Problem with Constraints

Askhat I. Diveev, Oubai Hussein, and Elizaveta Yu. Shmalko

Abstract—This article presents a numerical solution to the
problem of optimal control of objects in an environment with
phase constraints. The proposed approach of synthesized
optimal control consists of two steps. First, the problem of
synthesizing the stabilization system of an object relative to
some point in the state space is solved. The resulting feedback
control system is added to the mathematical model of the
control object and then the problem of the optimal location of
stabilization points, which are essentially attractors, is solved.
To solve the synthesis problem, methods of symbolic regression
are used, which are completely machine treated, universal and
independent of the type of control object. An example of solving
the optimal control problem for a group of quadrocopters
moving a cargo on flexible rods in a space with constraints is
given.

Keywords—Optimal control, symbolic regression, network
operator, phase constraints, control synthesis.

. INTRODUCTION

The problem of optimal control has a rather long history
and today a large pool of both engineering and analytical
methods for its solution has been created. But there is a gap
between these approaches.

Analytical methods, well formalized and very beloved by
fundamentalist mathematicians, are practically not used by
practical engineers, since in real problems with nonlinear
objects and functionals, with phase constraints, the use of
analytical methods is not always a solvable problem. For
example, there is a fact that the Pontryagin maximum
principle [1, 2], being the main analytical result on optimal
control, is practically not used in complex engineering
problems. And the reasons for this are different. Firstly, in
view of computational complexity, and secondly, this
approach does not say anything about the stability of the
movement of the object relative to the resulting optimal
trajectory. And the solution of the additional problem of
stabilization of motion near the optimal trajectory casts
doubt on the optimality of the initially obtained optimal
trajectory [3]. Existing numerical methods [4, 5] also do not
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guarantee stable motion with respect to the optimal
trajectory and require additional refinement.

Unlike mathematicians, engineers first make the object
stable, and only then calculate the optimal trajectory. The
introduction of additional regulators in the feedback changes
the model of the control object. And this is an essential fact
that mathematicians do not take into account when
calculating optimal controls.

However, the calculation of optimal regulators by existing
methods both analytical [6, 7] or technical [8, 9] is highly
dependent on a specific object and is not a universal
approach.

In this paper, it is proposed to use a new two-stage
computational method of synthesized optimal control.
According to this method, optimal control is calculated for a
stabilized object, which meets the requirements of engineers.
Moreover, the calculation of the stabilization system and
further calculation of the optimal trajectory is carried out by
numerical methods that are not dependent on the specific
model of the object. This approach is universal and allows
you to automate the process of calculating control systems
and thereby speed up their development.

The article presents a mathematical model of the control
object, which is a group of quadrocopters that together on
flexible rods carry the load to a given terminal position in an
environment with obstacles. The paper provides a
mathematical description of the proposed two-stage
approach, data for a computational experiment and the
results obtained.

Il.  SYNTHESIZED OPTIMAL CONTROL
Consider the classical problem of optimal control

x=f(x,u), 1)

wherex e R", ue UcR™, U is acompact set.
x(0) =x° e R". )
X(t;)=x" eR" ©)

where t; <t*, t* is a positive value, it is given limited

time of control process.
It is necessary to find the control ue U to minimize the
functionality
tf
J = [ fo(x(t),u(t)dt - min (4)
0 u()eu
To solve the optimal control problem (1) - (4) by the
synthesized optimal control, initially the synthesis problem
is solved.
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u=h(x"-x)eU, (5)
where Vx e X cR" 3X eR"
f(X,h(x" =X)) =0, (6)
det(VE— A(X))= A" + prg O™ +...+ pr(X)A+ po (X) =
[T ;x0-0=0, @)
j=1
where
A(y):w' (8)
X
Aj(X)=oj(X)+iBj(X), 9)
aj(X)<0, j=1..,n, i=v-1. (10)

The equations (5) — (10) show, that after solution of the
synthesis problem the differential equation system

x=f(x,h(x" —X)), (11)

is stable according to Lyapunov's stability theorem by the

first approximation. For these system (11) there is a stable

point >~((x*), that has an attractor property and is a trivial

solution of the system (11).

In the second stage the optimal control problem is solved
with the model (11) of control object, the initial conditions
(2), the terminal conditions (3), and the initial functional (4),

but only it is necessary to find a vector function x*(t) that

is used instead of a control vector
tg
3 = [ fo(x(t), h(x" (t) = x(t)))dt - min .
0 x ()

(12)

Note, the control vector x*(t) in the new optimal control

problem (2), (3), (11), (12) has the same dimension as a state
space vector x(t) and doesn’t have restriction.

The absence of restrictions on control allows us to
consider this problem (2), (3), (11), (12) as Lagrange's task
in the classical variational calculus. If the equation (11) is

resolved with respect to X"
X" =g(x,%), (13)
and insert this equation in the functionality (12), then the

classical functionality of variational calculus is received
ts

J = [ fo (x(®), h(g(x(®), (1)) -x(®))dt . (14)
0

For this functionality (14) Euler function can be apply
o (x(t), h(g(x(t), X(t)) - x(t)))

OX
_g(muﬂwh@uaxﬂm—xm»jzo (15)
dt o '

As a result n differential of second orders are obtained.
Solution of these equation for initial conditions (2) and
terminal conditions (3) allow to receive optimal trajectories
in the state space.

In practice resolving nonlinear (11) respect x*(t) is a

very difficult problem. More real the optimal control

problem (2), (3), (11), (12) to solve by a numerical method.
Here Pontriagin's maximum principle can be used.
Hamiltonian for the problem (2), (3), (11), (12) is

Hx,x",w)=—fo (X, h(x —x))+

> wifi(x,h(x" =x)),

(16)
i=1
where y =[y; ... \yn]T is a co-state variable vector
Vi _HEx ) ""), i=1...,n. 17)
aXi

Since X~ has no restrictions, the conditions of the
maximum principle for the Hamiltonian can be obtained
analytically from equation

oH (x,x*,\u) _0 (18)
ox” ’

aZH(x,x*,\y) 0 (19)
(@x")? ’

The synthesizing function h(x*—x) can very complex

and therefore Hamiltonian (16) can have some maximums.

For this optimal control problem (2), (3), (11), (12) better
to use direct approach and numerical methods of nonlinear
programming.

Our experience shows that the best of all to look for the
solution of this optimal control problem (2), (3), (11), (12)
in the form piecewise constant functions. As a result
coordinates of some points

X xR (20)
are found. These points are switched on a given time interval

x"(t)=x 1 if jAt<t<(j+DAt, j=0,...,K-1, (21)

where
+
K ) \;t_‘ '
At

where At is a given time interval.

(22)

IIl. THE SYNTHESIS PROBLEM AND ITS SOLUTIONS

In the proposed approach the synthesis problem is a most
difficult part. An essential feature of this problem is that its
solution is a multidimensional function of a vector argument.

u=hx -x): R"=R". (23)

Now, there are known many approaches to the solution of
the synthesis problem. All these methods can be divided into
three classes.

A) Analytical methods. These are various methods for
solving the Bellman equation. In this case the
problem of stability providing (6) — (10) is needed to
formulate as an optimal problem. The backstepping
integrator [10] and analytical construction of
aggregated controllers [11] also belong to analytical
methods. These can be other special methods for
determined mathematical model of control object,
for example, analytical construction of optimal
controllers [8] for linear systems with quadratic
quality criterion.
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B) Technical methods. These methods for synthesis
problem solution consider an approach, when the
control function (5) is given with accuracy to values
of parameters. These methods also include methods
for creating control systems based on various
controllers, including PI and PID controllers. Note,
that using of PID or Pl controller increases the
dimension of the control object mathematical model.
This class of methods also include the neural
networks. A neural network is a complex function
with known structure but with big number of
unknown parameters. Finding of these parameters'
values is called learning of neural network.

C) Numerical methods. These methods look for a
structure and parameters values of control function
(5). Today, all these numerical methods for control
synthesis problem can be designed on a base of
symbolic regression methods [14]. The founder of
these methods is John Koza from Stanford
University [15]. All methods of symbolic regression
code the mathematical expression in the form of
special code, and then they search for the optimal
mathematical ~ expression by some  special
evolutionary genetic algorithm. Application of the
genetic algorithm for searching for mathematical
expression  requires development of special
operations of crossover and mutation, therefore all
methods use various genetic algorithms.

In this work for the synthesis problem solution the
network operator method is used. This symbolic regression
method codes a mathematical expression in the form of
directed graph of network operator. In computer memory the
network operator graph is stored in the form of integer
matrix.

For search of solution the network operator method uses
the variation genetic algorithm. This algorithm is built on the
principle of small variations of basic solution. According to
this principle one basic solution is coded. Then small
variations of the code are determined. For an integer matrix,
small variation is a change of one element. All small
variations are codded too. So one possible solution is one set
of small variation codes. Genetic algorithm operations are
performed on the sets of small variations.

Consider an example of network operator code. Let a
mathematical expression be

U = Xg +exp(=qyX;) sin(dz Xz +0y), (24)
where X;, X, 01, g, are arguments of the mathematical
expression.

To code this mathematical expression, the following
functions are enough:

- functions with one arguments

F=(fi(2) =12, f2(2) =2, f3(2) =sin(2),
f4(z) =exp(2)),

- functions with two arguments
Fo =(f1(z1,22) =21 + 23, f2(21,22) = 2125) . (26)

The graph of the network operator for mathematical

expression (24) is presented in the fig. 1. In the graph,
arguments of mathematical expression are located in sourece

(25)

—nodes. The number of functions with one arguments are
located near the arcs. The numbers of functions with two
arguments are located in nodes. The numbers of nodes are
located in upper parts of nodes.

Fig. 1. Graph of the network operator for mathematical
expression (24)
The matrix of the network operator foe the represented
graph in the fig.1 is

(27)

-

Il
[olelololololelole]
OO OOOCOOOoO
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[clelelolololelele]
QOO ONOONEF
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ONPROWOOOO
PROOOOOORr

To search for a solution in the NOP method, a variational
genetic algorithm is used. It applies a principle of small
variation of the basic solution [16]. Define small variations
of the network operator matrix. A small variation makes
small changes in the network operator matrix and results in a
new network operator. Define one basic solution in the form
of a basic network operator matrix and search for the best
solution on a set of small variations of the basic solution.

Any variation can be described by an integer vector of
four components

w :[Wl W, Wy W4]T ! (28)
where w; is a number of the small variation, w, €{0,1,2,3},
w, is a row number of the NOP matrix, w, is a column
number of the NOP matrix, w,,w, e{l...,L}, w, is a
number of the function with one or two arguments, if w, =1,
then w, e{l,...,|F, [} else w, e{L,...,|F |}.

Each new solution in the neighborhood of the basic
solution is described by an ordered set of vectors of
variations (28)

W=w,...,w'), (29)
where | is a size of the neighborhood of the basic solution.

We obtain a new network operator matrix in the
neighborhood of the basic solution after small variations of
the basic matrix according to vectors from the set (29)

Y=Wo¥’=wo..ow ¥,
where W° is a basic network operator matrix.

Each ordered set (29) of vectors of variations defines one
of possible solutions in the neighborhood of the basic
solution. The search area depends on the size | of the
neighborhood of the basic solution and the possibility to
replace from time to time the basic solution on the best
solution found by the time.

To make crossover, select two possible solutions

W =w L wt), W= (wit L wit), (31)

Randomly choose a crossover point re{l,...,I} and

(30)
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exchange the subsets of the vectors of variations from the

crossover point till the end. We obtain two new possible
solutions

Wi =(Wi,1 Wi,r—l Wj,r Wj’l)

W=t ow T wt L wt. (32)

To make mutation, select in the possible solution

W= (W,

a new vector of variations W* in the position « .

W') a mutation point e {l,...,1} and produce

IV. COMPUTATIONAL EXAMPLE

Consider the problem of optimal control for a group of
three quadcopters performing the joint task of transporting
some load on flexible rods from a certain initial position to a
given terminal one in space with phase constraints. The
control object is described by a system of nonlinear
differential equations.

% =x] +(x5j sinx/ +x/ cosxj)sinxzj /cos ),

d —(xJsinx) +— xJ ] ]
x2_(x55|nx1+x6003x1)/cosx2,

>
W

=(x5j sin ! + xd cosxlj),

o — yiyd j
%3 =x3xd (1, = 13) 1+ M 11y,

]
4 N6
X =xIxd (1= 1,) 1+ M) 11, (33)
iyl
X7_X10’
iyl
*g = X1
i j
X9_X12’

%), = FJsinxJ cos xJ cos x! +sin x/ sin xJ —w/,

%), = F1 cosx) cosxJ cosx) —g—wJ,

%), = F1sinx/ cos xJ —cos x/ sin xJ sin xJ —w],

where j - is the quadrocopter number; w;. are components
of the weight load of the quadrocopter j from the weight of
the carried load, k =1,2,3; w/, sz , ng are projections of
the load on the axis X,, Xg, Xy respectively; x/, xJ are
angles of rotation of the quadrocopter j around horizontal
axes; xzj is an angle of rotation of the quadrocopter j

around a vertical axis; x/ and x/ are angular velocities of
rotation of the quadrocopter j around the horizontal axes;
xJ is an angular velocity of rotation of the quadrocopter j
around a vertical axis; x/, xJ are coordinates of the center
of mass of the quadrocopter j on the horizontal plane; x/
is the height of the quadcopter j; x), x), x) are
projections of the linear speed of the quadcopter j on the
corresponding axis; Mij are control moments created by
propellers of the quadcopter j around the axes x,

i=123; F! is the total thrust of all four quadcopter
propellers , taking into account the mass correction m; g is

a constant value of the acceleration of gravity; I, are

moments of inertia of the quadcopter around the axes X,
i=123.

The position of the load is determined by the state vector
ye R® of the center of mass of the load in the subspace

0 X, %o}

y=[v ¥, %I, (34)
where Y, , Y,, Y, are the positions of the center of mass of

the cargo along the axes X,, Xg, X, respectively.
Given the initial and final position of the load

y=0y, ys ysT', (35)

y=ty vz 31" (36)

We suppose that all three quadrocopters are similar, and
the rods by which they move the load have the same length:
d=d,=d,=d.

For equal load distribution on quadrocopters, all three
quadrocopters should always be at the same height and be
located at the vertices of an equilateral triangle. The size of
this triangle determines the height of the load. Let the size of
the triangle be determined by the radius of the circumscribed
circle R,. Then the height difference between the

quadrocopter X/, j=1,2,3 and the load y, is defined as

X} =y, =4d°~R}, j=123. (37)

Projections of the reaction force of the load on each
quadrocopter are determined from the equations:

w :—|w1|RO cos(z)/d,

W;:|W1|1/d2—R02/d, (38)
Wk =|w1|R0 sin(z) /d,
W = |W2| R, (cos(r) ++/3sin(z)) / 2d,
WS = w’||Jd* R} /d, (39)
W = |W2| R, (sin(z) —+/3cos(z)) / 2d,
W = |w3| R, (cos(z) —~/3sin(z))/ 2d,
W;:|W3|,/d2_R5/d, (40)
W = |W3| R, (sin(z) +~/3 cos(z)) / 2d,
where
w'| =l — )7+ (W7, i=1.2.3, (41)
R, = 3(0¢ —) + (Xt —x)?) /3, (42)
1 (1 2 3
r =arctan Xf (X§+X§+X§,)/3 : (43)
X, —(X; + % +X%,)/3
The problem has three types of phase constraints.
1) Limitations caused by interaction in the group:

quadrocopters must be at the vertices of an equilateral
triangle.

7 =[0G = X0+ 06 = %) = (6 = x3) = (6 = X)*| -, <O,

2o =[06 =007 + (6 =) = (¢ = XY = (€ = x)?| -, <0,
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25 =|06 = %) = (4 - %)’|-¢, <0, (44)

1 2y2 2 332
20 =|(6 —%) = (¢ -x)*| -2, <0,
where ¢ is a given small positive number.

2) The distance between each quadcopter and the load
cannot be greater and should not be significantly less
than the length of the rods d .

CDi(xi)zL-d <0, (45)

=d-L-¢ <0, (46)

(D3+i
where L =1/(xi —y,)* + (X —V,)2 + (X - y,)*, 1=123,
g, is a given small positive number,

Yi= X% Y L, /3 cos(€),
Y, =% _de -L,/3,
Y; = Xé _(X% ey L1,2 /3sin(Q2)),

Q=arctan(| x> = | /|2 =% ]),
L. =06 =x)"+ (% —%)".
3) There are obstacles in the area of moving of
quadrocopters and load.

Vg, iipss jX) = (47)

=1 =5 =% )7 + (% —%,,)* <0,

The quality of control is determined by a nonlinear
functional that includes speed components and penalties for
violating phase constraints.

3 U 4i4s
I=t, +a, [ () -y ) v [ 90, (¢ 7 ) dt +
i=1 0 =1

o\ i=l

— min
ul(),j=1,23 (48)
where o are  weighting  factors, =123,
u'()=[M/() MJ(O) MJ() F'OTT, 1=123; 8(A) isa
Heaviside function
S(A)z{l’ if A>0

0 - otherwise '’

L uift<tm LM <ey,
! t" — otherwise
where

L, () = Zsj(yi 0)-v') .

j=1

All quadcopters must be located at the same height in the
corners of the equilateral triangle. The equilateral triangle
can change its size and rotation angle relative to a fixed
coordinate system Two parameters a circumradius R, and

an angle of equilateral triangle turn t are a control for
group of robots.

For solution of the synthesis problem the network
operator method [13] was used. As a result, it has got the

O3 I [Z['g(@i (Xi )+ ‘g(q)3+i (Xi )+ i ‘9(@5+(i_1)5+j (Xi ))j]dt -

following control function
MiJr, if Mi >M i+

M; =M, if M;<M; ,i=123 (49
M, otherwise
F* if F>F*
F={F,if F<F , (50)
F, otherwise

where

My =sgn(xg —Xg)log(|dg (Xg —Xg)|+1)+
1

Q4(X4f —X4) + (XI —x)> + (X — %) +%h(xf -%)

%/CM(XJ —Xg)+ Q1(XI —X)+ (XJ - X4)3 +3\/ Q1(XI -X) +

QZ(X;—X2)+Q1(XI—X1)+5§I”(X[I —X4) Q4(X4{ —X4)

+

+(x‘{ -x4)3,
M, =sgn(sgn(Aq ) exp(| A, [) -1) x
VIsan(A) exp( A D -1,
M3 =sgn(xs —xs)10g(qs(xe —xg)[+1)+
—03(X3 —Xg) + X3 +Xg + 3By + 02 (X3 ~X2) +

tanh(0.5B1) + qg (xg —Xg) s

Py =Gg(Xg —Xg) + X3 — Xg +
sgn(xg —xs)10g(| ds (g —%s) | +1).
* f *
By =d2 (X2 —X2)+0p(Xg —Xg)+(d3(Xz —X3) +
* f f

X3 — X3 +5gN(X5 —Xs5)10g(| G5 (X5 —X5) | +1)°,
Xt if X > it
X, if X o<x; ,i=123,
X; , otherwise

*

Xj =

Xy = AzQQ(XJ —Xg) €0S(X11) eXp(—Qs2) x
YA; log(ldg (x5 —x9)c0s(a) )
Xy = ﬁ+ 2arctan(C,) — qf’oxlg0 +D, -
GuXa108 (Xg —Xg) — 07 (X7 —X7)+
arctan(Aydg (ng —Xg) €0s(X11) eXp(—0d2)) +

3 f f
arctan(—gio Xy +d7 (X7 —X7))+dg(Xg —Xg)+

sn(~s0% + 0cF =2 Dl —aox + (xf —x7)1+
tanh(0.5x15) +sgn(B5 )(exp(| B, [) -1) +
M(Azqg(ng —Xg) €os(X11) exp(=0s2)) .
X3 =sgn(X; ) log(| X, |+1)+3/B, +arctan(C,) -
0i0X50 — X1 +(~G10Xo +7 (4 —x7))°
F =sin(X3 ) +sgn(X, )(exp(| X, |-1)+C5 +

sgn(X; )log(|X; | +1)+2tanh(0.5B,) +
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(A209 (XJ —Xg) COS(X11) €Xp(~Gy2)) % +
(A7 (%7 =x7)=Ga0%5p)

Ay =012X10 Jrﬁ/@harctan(qg)+cos(x7f -X7),
B, :arctan(—qloxfo +q7(x7f —X7)) -
Q7(X7f —X7)—Q11X11Q§(X8f —X8)2+Q8(X8f —Xg),
Cy =5sgn(~Gi Xy +C17(X7f —X7))x
(exp(l-di0x5 +a7 (X7 —x7)D-D+a3 +
sgn(~tho X3 )y ~d10 X5y | +R(a7 (X1 —X7)),
D, = 2(arctan(-dyo x5y + 07 (X; —X7))~
O11%1108 (Xg —Xg)% +0g(Xg —Xg) 1+
Sgn(—%lang(ng ~xg)?)x
exp(—|—q11x11q§(x8f —xg)? ) +exp(ayg) -

(17()(7f —X7) + (~GhoXiy + ‘17(X7f -x%),

1-exp(2 .
tanh(o) = - PED. 3y~ sgn(B) ming| B 13
1+exp(2a)
4 =12.224, q, =14197, g3 =13.611, q4 =4.361,
45 =9.989, qg=4.144, q;=0115, qg=3.371,

Qg = 3.076, Q10 = 0.144, qi1 = 3.131, (o = 4515.
On the second stage the vectors of parameters were found

Q={a".....a"}, (51)

where
a" =[x, X§ %] G4 G5 ds A71", (52)
x7f , x8f , ng determinate position of the first quadcopter in
the geometric space, q;, i=4,5,6,7, define location of the

equilateral triangle or location of others quadcopters
R§ —Rg
Ro =—0 70 sjn ﬂ+q4 +sin ﬂ+q5 +2|, (63)
4 t* t*

tt—t [ . (2nt . 4nt
r:T(S|n(t—++qu+S'“[t—++Q7j+2J- (54)

Fig. 2 shows the result of simulation. In the fig. 2 black
lines are moving trajectories of quadcopters, dot-lines are
trajectory of the load, red circles are obstacles.

V. CONCLUSION

In the paper we described and demonstrated the application
of the new two-step approach to the numerical solution of
the optimal control problem with phase constraints based on
symbolic regression. This approach has several advantages
over analytical and technical methods. Firstly, it does not
depend on the characteristics of the model; it requires only a
mathematical description of the model. The obtained control
does not need to be further developed, as the analytical
approach requires the stabilization system to be built up. The
resulting solution is machine-made and easily transferred to

the

on-board computer of a real object. Based on the

foregoing, we think this approach is very promising.
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Fig. 2. Projections of movement trajectories of three
quadcopters and a load on the horizontal plane
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