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Exact Solution and Correlation Functions of
Generalized Double Ising Chains
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Abstract—In this paper the exact solution and correlation
functions for a double-chain Ising model with multi-spin
interactions and symmetric Hamiltonian density are obtained.

The study employs the transfer matrix method to derive
fundamental thermodynamic characteristics of the system. The
main results include exact expressions for the partition function,
free energy, internal energy, specific heat capacity,
magnetization, susceptibility, and entropy in a strip of finite
length and in the thermodynamic limit. The work provides
explicit formulas for the eigenvalues and shows structure of
eigenvectors of the transfer matrix. The expression for
magnetization in the thermodynamic limit using components of
normalized eigenvector corresponding to the maximum
eigenvalue is obtained.

A detailed analysis is conducted for a special case of
interactions involving all kinds of two- and four-spin
interactions. This gives the simplified formula for free energy, it
is calculated using the root of quadratic equation. Using special
relation between parameters the solution for gonihedric model
on the plane is obtained. The research reveals properties of the
system, including specific features of ground states and phase
diagram characteristics. Particular attention is given to the
behavior of physical quantities near frustration points and the
investigation of spin correlation functions. Plots of physical
characteristics, including inverse correlation length, illustrating
the obtained results are constructed.

Keywords— Ising model, partition function, pair correlations,
ground states, gonihedric model.

. INTRODUCTION

For many years, researchers have been studying magnetic
systems and their properties. The Ising model, introduced in
1925, was and remains important for understanding both
magnetism and other physical phenomena [1]. The two-
dimensional model was solved by Onsager [2] for the
interaction of the nearest neighbors.

The two-dimensional Ising model with uncrossed second-
neighbor interactionswas solved exactly [3]. In this situation,
it is of interest to study a lower-dimensional model forwhich
accurate results can be obtained.

In the work of L. Kalok and L. C. de Menezes [4] a system
with crossed interactions is studied - a double chain of spins
with different exchange interaction constants between the
nearest neighbors along each chain and between chains, as
well as with an additional crossed interaction of the second
neighbors. Such a double chain demonstrates strong
frustration, leading to almost degenerate ground states with
comparable values of competing interaction constants. In
particular, the phase diagram of the ground state (in the

absence of a field) includes four regions separated by the
boundaries of "compensation points" [4] (“frustration
points"), at which frustrating behavior is observed on the
graphs of specific heat, inverse correlation length, etc.

In the work of T. Yokota [5] an exact solution and
correlation functions for the generalized three chain model
enclosed in both directions are obtained with the same
Hamiltonian density with nearest and next-nearest
interactions asused in [4]

In [6] an exact solution and correlation functions are
described for generalized three-chain Ising model with
arbitrary multi-spin interactions and Hamiltonian density
invariant with respect to global spin shifts across all three-
spin layers.

To investigate such models, researchers employ both
numerical and analytical approaches. For exact analytical
solutions, the transfermatrix method, first introduced in [7,8]
and the combinatorial method [9], are used for analytical
solutions. Among numerical techniques, variants of the
Monte Carlo method and the Metropolis algorithm
predominate [10].

Paper [11] is focused on the investigation of stochastic
operator spectra. Meanwhile, the cluster decomposition
technique outlined in [12] has significantly advanced the
research of lattice models.

In [13] the cluster decomposition approach isdemonstrated
and the transfer matrix spectrum for the two-dimensional
Ising model undera strong external field is examined.

The article [14] presents an analysis of phase diagramsfor
a cubic lattice incorporating both nearest-neighbor and next-
nearest-neighbor interactions.

In recent years there have been renewed interest in Ising-
type spin systems following the examination of the random
surface model within the framework of string theory [16].

Beyond conventional approaches, novel method for
solving such models continue to emerge. As an illustration,
[17] explores a cubic lattice model featuring nearest-
neighbor, next-nearest-neighbor, and plaquette interactions
through the application of the cluster variation method.

The classical Hopfield network [18] with binary neurons
(1) and symmetric weights is mathematically equivalent to
the generalized Ising model with pairwise interactions on a
fully connected graph (i.e. the spin glass model). In this
equivalence, each neuron corresponds to an Ising spin (£1),
and the symmetric synaptic weights wij play the role of the
interaction coefficients Jij between pairs of spins. The energy
function of the Hopfield network is identical to the Ising
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Hamiltonian, meaningthat the asynchronous dynamics of the
network update emulatesthe relaxation of the Isingsystem at
zero temperature, minimizing its energy—transitioning to
stable attractorstatescorresponding to the learned patterns.

Nezhadhaghighi [19] investigates the critical scaling and
conformal invariance of the Baxter—Wu model (a triangular
lattice Ising model with three-spin interactionson each face)
at its critical point, using finite-size scaling and conformal
field theory methods to confirm the model's critical exponents
and its conformalproperties, thereby firmly establishing that
this multi-spin interaction model belongs to a universality
class distinct from the standard Isingmodel.

In[20] derives an exact solution forthe generalized
two-dimensional Ising model in a field with nearest-nearest-
neighbor, next-nearest-neighbor, ternary, and quadruple spin
interactions by constructing a transfer matrix with a special
eigenvector, such that the largest eigenvalue remains constant
on a certain manifold of coupling parameters (the "disorder
solution™), thereby obtaining expressions in analytical fom
for the free energy in the thermodynamic limit.

Osabutei [21] investigates the mean-field Ising model
extended by three-spin interaction, revealing a complex phase
diagram with two distinct coexistence curvesand two second-
order phase transition points, and showing that the critical
exponents remain consistent with the mean-field universality
class.

Suzuki [22] analyzes spin-S Ising models with p-spin
interactions (including up to p=5 spins simultaneously) on
one- and two-dimensional lattices using transfer matrix
methods and simulations to demonstrate that higher-order
interactions  significantly enhance spin  correlations
(especially at low temperaturesfor S > 1) and can lead to
stronger first-order character in the finite-temperature phase
transition.

In this paper, we consider the general symmetric form of
the Hamiltonian density for a double chain Ising model,
introducing, in addition to Kalok and de Menezes [4], the
field action, triple and quadruple interactions. Using the
transfer matrix method, we obtain an exact solution to this
model, that is, the partition function, free energy, internal
energy, specific heat, magnetization, susceptibility, and
entropy. The theorems proved in the paper are relevant both
for the general (considered in the first part of the paper)case
and for more specific cases. Our goal is to find out what
properties a model with interactions of only aneven number
of spins has - the thermodynamic properties and the phase
diagram of this system.

Section 2 provides the derivation of exact expressions for
the thermodynamic functions of the generalized double chain
Ising model for arbitrary values of the constants H, Ji, Jz2, Js,
Ja and Js for the Ising model.

Section 3 examines the free energy, internal energy, heat
capacity, and spin-spin correlation function for spins at the
same and different levels in a special case of interactions of
even number of spins. In addition, a phase diagram of the
ground statesis presented (Figure 2) showing severalregions,
separated by lines of "compensation points". llustration of
physical characteristics, including inverse correlation length,
are also shown in this section. Regions of ground states,
which were found accordingto the work [23], are introduced

graphically in three-dimensional space for the case J1>0.
Section 4 presents the proofs of the theorems and the
methods to find the eigenvalues and eigenvectors of the
transfer matrix.
An exactsolution of the double-chain Ising model with an
external field, as well as interactions of two, three, and four
spins, is obtained.

I1. MODEL DESCRIPTIONAND MAIN RESULTS
A. Model Description
i L=

L -

- -
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Figure 1. Configuration of two-chain open model

For the cyclically closed two-chain Ising model of length L
we will consider a symmetric Hamiltonian density invariant
under substitutions &' <! * '.J’I."f—:r’l_'-‘_ -as well as their

composition. Hamiltonian den{sity is
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Since interactions between the elements of carriers

[ﬂ:;lr,-ll.'."ll {ﬁz.;'+ Iﬁ.'I'|+ I} and [’7::] |'ﬂ.||||'|_ {ﬁ;'.;'+ I}_ {'TIIII+ I}
occurtwice, we will take into accountthe factor % in the sums
associated with these interactions (1).

From now on, such units of measurement thar Boltzmann

constantequalsone will be used.

B. Partition function

The most important quantity considered in statistical
mechanics is the partition function, knowing which it is
possible to obtain the exact solution of the model. Its formula
is (where the summation is carried out over all possible sets

{s}): |
zZ = Z exp [— —7(0) ] ®)

To calculate partition function the transfer matrix is
introduced:
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ThIS can be show schematically as:
Table 1. The principle of transfer matrix construction
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Theorem 1. The partition function for two-chain Ising model
of length L can be written as

Z =Al+ il il+al,

where 11, A2, A3, A4 are eigenvalues of transfer matrix (4). One
of them can be easily found, we will call it 14, itis equal to d-
f. To find three other eigenvalues one needs to solve cubic
equation:

A+ FA2+ Gh+ 5=0),

where

F==ag=d=f=h,

G=—2b"—c2+ad +af =2 +ah +dh +fh,

S=cld+ r'?,f —dbcg +2ag 24262 — adh — affi.
Then eigenvaluesare found using formulas:

2F - OFG 4 278 \
( F+2y F1- 3G im[ (.ll'ull'l|: J :| + EnkHJ.
"'I Fi-3G

3,

..-JI-—-

k=
A I:nl f.

Where 1= Amax, Amax iS characterized as positive and has the
greatest absolute value among /i.

By using properties of permutation matrices, we factorize
characteristic polynomial of matrix (4) and find its
eigenvalues (section 1V).

We obtain the following expressions for free energy [24],
internal energy, specific heat capacity, magnetization,
susceptibility and entropy respectively [6]:

(o]

FOHT) =— Elm: Z,(H,T)), 6)
T =720 [.f'{H,T'J ] ,
wl H. I =—-T—| —|.
3 i r ( )
ci H, T _Fm H. Ty, 8)
i
M{H,T) =——fF(H.T), 9
( ?aﬁf T) )
Y H.T) =——M(H.T), (10)
H
4
S(H. T =— ?_f (H.T). (11)
-

Now we can formulate the main theorem.

Theorem 2 (The main theorem). In the thermodynamic limit
for the open two-chain model with Hamiltonian (1) free
energy, internal energy, specific heat capacity,

magnetization, susceptibility and entropy (6)-(11),
respectively, are calculated using the following expressions:

. T
FORTD) ==—I(d,.). (12)
I I I S
wi H, 1T =1 -E[EI"[ Amu:]:l._ (13)
d 1 |
el H, Ty =2T——Inj i + Ti——Inf 4 . (14
ar 2 ( ““'*} aT? 2 (Ama) (A4)
r'i'.-;lm“
MIiH.TY = =
J._,M‘:".Illilll\. f}H (15)
|r I (] :‘A Max ] tJ‘J': i ’
P(H.T)=— — — \
“ 2 4 mas r”{'? 1 RILE dH (16)
l- f rL;: idx
SiH.Ty=—]Inf 4 b —_— )
( ) 3 L i ar (17)

In paper [25] formulas to calculate partial derivatives in
formulas (12)-(17) using coefficients of characteristic
polynomialof matrix (4) have been formulated.

C. Correlation functionsand correlators
The diagonalizing matrix for matrix (4):

L3 L (13
| . ]
— = — 0
N N N
! 2 3
g, B, B |
Q Jnlllj ."'!] 1"'3 ﬁ
= 3 y i) ! 18
Py Py P 1 4%
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Y ¥y Yy
— = — 0
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| 2 3

Incase A2#A43:
2ei—(d+f Vh+(d+f+h)d, —A'

19)

i, =

cd+ of —2ho —cd ;

e — i+ bd :

.= - —,
cd + cof — 2he — ch
¥.=1
i=1.2.3.
In case A2=4s:
2h
a =0 g =1y, =—-—,
= Fd Fs O
2h 2h° 2he
== —, . == = ¥, =
4 I et L L
Eigenvectors are normalized with coefficients:
ol % 73
.-\,'l.: '+2jﬁ;+r:,i:l,2.3.

As a result, expressions (18) and (19) deliver a detailed
exposition of the eigenvector form. Now we can formulate
the following theorem.

Theorem 3. For two-chain open model where L. —+ o
The average spinvalue of i :
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If the spms are on the same chain at a distance of k=|j-i|:
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The correlatlon function for the same chain and different

chains spins on the open strip in the thermodynamic limit,

respectively: .
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I1l. MAIN SPECIAL CASE: HAMILTONIAN WITH
INTERACTIONS OF EVEN NUMBER OF SPINS

A. Case description
We introduce a modelwith interactions of an even number of
spins. Hamiltonian will be represented as:
g
+I':'"I TR I] —_ __(”m”m +“Juu+ |“|'A.l +'] —_
i | il 1

=l

A== I|:r;"':l

i o

+ + +1 _m+
= (r: n"l" |+:F(" e I"J = r:""ur'"fr" g+ 1
[}

e (20)
Due to the specific form of the Hamiltonian (20), the transfer
matrix will have central-symmetric structure:

ab b
. (21)
bdif bk
2l bhfodb
o hoboa
Eigenveilues of matrix (21) are:
i =—latctd+rtflatc—d—1P+16b?),
1,2 2
- (22)
R-.letl_{'..
z'.|=:! =f.

The main theorem (theorem 2) remains correct in the
considered special case, where A1=Amax is calculated using the
first formula (22). The diagonalizing matrix has the form:

(1 I | 0
Mt M- [
gt g~ I
A
Mt M~ ﬁ
e ]
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1 I 1
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where expressions are:
—a—c+d+f+yflatc—d—f)+16b>

2b

gt =
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2b

¥

M= l2+2pt),

We provide the proof of this statement below (section 4).

1

B. Correlation functionsand correlators

Inthe considered special case we can apply the theorem 3 and
derive corollary theorem.
Theorem 4. For a two-chain open model with interactions of
an even number of spins where L —+ =<

The average spinvalue of o :
<U.-'> =0,
The correlation function for the same chain and different
chains spins on the open strip in the thermodynamic limit,
respectively:

Y TE A\
G = G — [—‘] +3|:“ J,[—J].
TETYESEN P BTV E Y

1 _[2— (4, l_j{‘?ﬂi L
“T iy [T. “re(n)

(m+)?
where k=|j-i].
Remark 1. In particular, with a specific relationship between
the parameters [6] in the Hamiltonian (20), we obtain the
gonihedric model.

C. Ground states and correlation length in main special
case

Transfermatrix (21) hasfive unique elements, representing
five unique states of one plaquette of the lattice. We can
write them as

7] _fl.-s|: 0 Yy (23)
h= ' (24)
pf—u +-l T
v=e ’ (25)
= f:ll.ll\--'ll —.I'2 !J.'!+'|l-|-_-l1 (26)
o B )
f=e y : 4, (27)
p=T"

For J;>0 we can obtain a ground states diagram in new
parameters J2'=J2/J1,J3'=J3/J1and J4 '=J4/J1 by minimizing
the Hamiltonian corresponding to each state. Similar
expressions forJi1<0 can be found [4].
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Figure 2. Ground states diagram.

Coordinates of the vertices are represented in the table 2.
Each state (23)-(27) is shown using colors as shown (Figure
3). The domains can be continued throughout the whole R3.

The boundary surfaces are of special interest, because the
correlation length behaves in an unusual way. One can
observe that at these points, frustration points, the inverse
correlation length approaches a non-zero constant as
temperature approaches zero. Also, at these points such
previously mentioned physical quantities as free energy,
internal energy, specific heat capacity and entropy also
change their behaviors. These phenomena are shown as
examplesin figures 3 — 6. The inverse correlation length can

=

be written as [5]:
hmn
|l
(P 1

Table 2. Coordinates of the boundary points of the regions of
the ground statesshown infigure 2.

=] = .
E7'=In| min

Point  Coordinates  Point  Coordinates
Aj {-1.2,-1} Az {—1,2,5)
As {1:_2|_1} Aa {]:_215}
As {—5.2,-5) As {—5,2,5)
Ar (5, —2 —5b] Az (5,—2.58)
Aa (—1,5 —5/2) An {—1,5,5)
Ap (L,-5-5/2) A {1,-5,5)
By (-55-13/2) B {—5,5,5)
£ (55,-17/2) £y (555
E,  (-5-5-17/2) K (=5, -5, 5)
E'.I' |:'_5I_5,_131|I'2:| EH- {5.-_515}
iy (5—-6-17/2 R; [-55-17/2)

Table 3. Colors of ground states on diagram (Figure 2).
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As the first example, where three ground states coincide, the
point A1 is chosen. Plots (Figures 3,4) show the behavior at
this frustration points.

1.2}

1t
0.8/
0.6/
0.4/

¢

0.2/ ——J5 = 1.85|

o I 2 i
0 0.2 0.4 0.6 0.8 1

T
Figure 3. Inverse correlation length plot in the low-
temperature region at the point A;, where J3’=-1, Js’=-1,
T€[0.01:1], J2'=2, 1.85, 1.75.
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‘4 2 o . 0T -« 3 o P

Figure 4. Plots of free energy (f), internal energy (U), specific
heat (c) and entropy (S) at the point Ai, J3'=-1, Ja’=-1,
Te€/0.01,1], 32°€/-3;:3].

As the second example, where two ground states coincide, the
point Ez is chosen. Plots (Figures 5,6) show behavior of

quantities at this frustration point.
1.2
1 b
0.8
£'0.6
0.4
Ji=—85
0.2} Ji = —8.25
Ji=-8
0 1
0 2 4 6 8
T
Figure 5.Inverse correlation length plot in the low-

temperature region at the point Ez, where J>’=5, J3'=5,
T€0.01;8], J4=-8.5, -8.25, -8.

Figure 6. Plots of free energy (f), internal energy (U), specific
heat (c) and entropy (S) at the point Es, J2’=5, J3’=5,
T€0.01;1], J4’€[-9;-5].

IV. THEOREM PROOFS

A. Finding eigenvalues of transfer matrix in
general case

We can consider the commuting permutation matrix for
matrix (4):
[ o0n0

noion
nLoo|

oool
Ithasone eigenvector— (0,1,-1,0)"- corresponding to A4, three

other eigenvectors have equalsecond and third components,
S0 we obtain the matrix:

a Mo«
bd+f g |,
i 'lg i

and its characteristic polynomial gives us the exact three
remaining eigenvalues. To find them, it is necessary to solve
the cubic equation, roots are found using formula in theorem
1, where A1 is positive and has the greatest absolute value,
according to the Perron-Frobenius theorem.

B. Finding eigenvalues of transfer matrix in case of
Hamiltonian with even number of interactions

Transfer matrix in this case is commuting with the
permutation matrix:
nooil

Do10
o100

IRV
which haseigenvectors:
1 0) 1 0

0 I 0 1
ol 2
I 0

)
So we introduce two matricesto help us find the eigenvalues:
. ate 2b

L2 der S

o {ﬂ =c 0 ]
r''= ;
o d-=r

Eigenvalues of transfer matrix are eigenvalues of v’ and t”,
respectively:

42



International Journal of Open Information Technologies ISSN: 2307-8162 vol. 14, no. 1, 2026

1y > >
2 ,= ?L{.‘ terd+ftyflate—d—fR+16b2),
ﬁ.1= a=rc,
h,=d=f.

Eigenvalue A1is positive and hasthe greatest absolute value,
according to the Perron-Frobenius theorem.

V. CONCLUSION

In this paper, the exact expressions for the partition
function of a two-chain Ising model of finite length with an
external field, double, triple and quadruple interactions, free
energy, internal energy, specific heat, susceptibility,
magnetization andentropy in the thermodynamic limit £. —+ o
are obtained using the transfermatrix method.

In section 2 three theorems are formulated. Theorem 2
provides analytic formulasto calculate the partition function,
eigenvalues of the transfer matrix (4) and, especially, positive
and greatest in absolute value eigenvalue Amax. The roots of
the quartic characteristic polynomialare found as well as the
system of eigenvectors of the transfer matrix, using an
additional matrix. Eigenvalue Amax is used in the main
theorem (theorem 1) and that provides exact formulas of
physical quantities in the thermodynamic limit which are of
particular interest. Then formulas for the correlation
functionsin the thermodynamic limit are formulated forspins
located on the same chain and different chains.

The solution of a model with interactions of an even
number of spins is also found. Three theorems from second
chapter can be applied in this special case and the same
partition function formulas can be derived. By minimizing the
Hamiltonian, corresponding to each state, the structure of
ground states is obtained, a phase diagram is shown and
described for the case of positive parameter Ji. Then graphs
of free energy, internal energy, specific heat capacity and
entropy are shown with the graph of inverse correlational
length neartwo frustration points Ar and Ez asexamples.
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TouHnoe Pemienue u Koppemsuimonubie OyHKIUN
O0o06meHHbIX JIBolHBIX [{eneit M3unra

[1.B. Xpamnos, C.A. lllypenkos

Annomayua — B nacmoswieit pabome noiyueno moumnoe
peuieHue u  HAllOeHbl KOpPenAYUOHHble QYHKYUu 0na
osyxuenoueunoii  modenu  Hzunmea ¢ MHO20CNUHOBLIMU
eé3aumooeiicmeuamu u cuMmMempuinou naommocmvio
2aMUib MOHUAHA.

Jna  evieoda  hynoamenmansHvlx  MEPMOOUHAMUUECKUX
Xapaxmepucmuk cucmemsl UCHOIb306AH Memoo
mpancgep-wampuyst. OcnosHble pe3yIbmMamsl  GKIIOYAIOM

MOuHbIE GLIPANCCHUA 014 CINAMUCIMUYECKOI CYMMbl, C60O0OHOIL
IHepauu, GHYMPEHHel IHEPUU, YOeIbHOUl menaoémKocmu,
HAMAZHUYEHHOCIU, 60CRPUUMYUEOCINU U IHMPONUU — KAK 014
NnONIOCl KOHEUHOU ONuUHbl, MAK U 6 MepMOOUHAMUUECKOM
npeoene. B p npueedenvt sAeHbvle popmynvl  0na
COOCMEEHHBIX 3HAYEHUT U PACKPLIMA CIMPYKMYPA COOCIMGEHHbBIX
eexmopose mpancgep-mampuyol. Ilonyueno evipasicenue 0ns
HAMAZHUYEHHOCINU 6  MEPMOOUHAMUUECKOM  npedene ¢
UCNONB306AHUEM KOMNOHEHM HOPMUPOBAHHO20 COOCHIGEHH 020
6eKMOpa, COOMGEMCMEYIOUe20 MAKCUMATILHOMY COOCIMGEHHOMY
3HaueHuIo.

Ilpoeeoén demanvHblil ananu3 006020 cayuas
e3aumooeiicmeuil,  GKIOUAIOWUX  6Ce  GUObL  08YX- U
4emulpEXCnuH06bIX e3aumooeiicmeuit. Dmo  nozeonuno

nOyuUmMs YnpoOWEHHYI0 YOpMYy Ol C60000HOU IHepUU HaA
y3en peuémKku — OHaA bIMUCTACMCA Yepe3 KOPeHb Keaopammozo
ypasnenun. Ilpu onpedenennom  coommowteHuu  Mmexncoy
napamempamu peuienue A6AEmcs pPeuenuem 20HU2e0pUIecKoil
Moo0enu Ha naockocmu. Hccnedosanue 6viaguno ceolicmea
cucmembsl, 6 MOM HUClle CneyuduiecKkue 0COOEHHOCIU 0CHOGHBIX
cOCmoAnUIl u xapakmepucmuxu azoeoit ouazpammol. Ocobdoe
GHUMAHUE YOCIEHO NO0BEOCHUI0 (DUUYECKUX GeIUYUH G0OIU3U
mouex ppycmpayuu u u3yueHulo CRUHOBHIX KOPPENAUUOHHBIX
dynkyuii.  /lna  naziaonoil  uanlocmpayuu - nOJIYYEeHHbIX
pe3ynomamog nocmpoenvi pachuxu duzuueckux
Xapakmepucmuk, 6K04As 00PAMHYI0 KOPPENAUYUOHHYIO OJIUHY.

Knroueevte cnoea — Mopear MHW3uHra, craTucTudeckasi
cyMMa, MapHble KOpPpeIslMH, OCHOBHbIE  COCTOSIHMS,
TOHUTEeAPUYECKAsT MOJeb.
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